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Posterior Predictive Correlations (PPCs)

• Posterior Predictive Means. 

• Posterior Predictive Variances.

• Posterior Predictive Covariances.

• Posterior Predictive Correlations.



Why caring about PPCs?



Posteriors = Marginals + Correlations

+=

Many algorithms rely on the full posterior instead of merely on marginals:
( / Predictive / Max-value) Entropy Search;  Thompson Sampling;  Knowledge Gradient; …



PPCs enable efficient Explorations 

• Bayesian Optimization (BO) aims to quickly navigate to the global maximum.

• What if each function evaluation comes with a cost ?

• Elapsed Time for one Hyper-parameter Training 

• Money costed for one Protein Lab Experiment (Brochu et al., 2010)

Function Value Evaluation Cost



• Evaluating “low-cost regions” can provide information for “high-cost regions”

PPCs enable efficient Explorations 



• Data summarization searches for a small set representative of a large dataset

• Lower storage burden, Lower computational costs

• Coresets, Inducing points, Replaying pseudo-data

PPCs enable Data Summarizations 

(Titsias et al., 2019)

Random Inducing Points Optimized Inducing Points



How to Evaluate PPC Estimations?

MetaCorrelations



• Comparing with ground-truths is the standard proxy for evaluating models: accuracy, 
BELU score, mean squared error, …

• Only available for synthetic data, but it is a useful tool for validating other metrics 
which can be computed on real data.

Metacorrelations
If we have an Oracle Model

Predictive Correlations

Ground-Truth Correlations

Pearson/Spearman

By Skbkekas - Own work, CC BY-SA 3.0, https://commons.wikimedia.org/w/index.php?curid=8778554



How to Evaluate PPC Estimations?

Transductive Active Learning



7UDLQ

6HOHFWLRQ�0RGHO

3RRO�
'DWDVHW

3UHGLFWLRQ�0RGHO

7UDLQ

7UDLQ�
'DWDVHW

7HVW�
'DWDVHW

4XHULHV�

-RLQ
6HOHFW

7UDQVGXFWLYH
LQIRUPDWLRQ

5HSRUW

• Active Learning (AL) allows the algorithm to choose training data interactively.

• TAL assumes the knowledge of the test set.

Transductive Active Learning (TAL)
A downstream task



The Acquisition Function

Marginal Information Gain (MIG)

Total Information Gain (TIG)

Batched Marginal Information Gain (BatchMIG)

Transductive

Query points in batch

Depends only on marginal uncertainty

Inclined to select points on the boundary

Naively choosing high-MIG points neglects the “diversity”

“Diversity” in a batch

Transductive information for the test set

Transductive Active Learning (TAL)
A downstream task

Transductive information for the test set



red curve: the prediction after query; blue curve: the ground-truth; 
     the testing points,  the training points;  the queried points;
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• BatchMIG improves data efficiency.

Transductive Active Learning (TAL)
A downstream task
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• BatchMIG improves data efficiency compared to TIG.

• TAL performance is positively correlated to the quality of PPCs.

• TAL requires training the model multiple times in succession, which can be computationally prohibitive.

Transductive Active Learning (TAL)
A downstream task
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How to Evaluate PPC Estimations?

Cross-Normalized Log Likelihoods




• Log marginal likelihood is a standard metric for evaluating marginals.

• How about using log joint likelihoods for evaluating PPCs ? 

• Impact of Predictive Marginals

• Uncorrelated Random Batches
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Cross-normalized Log Likelihoods (XLL) 
An efficient metric



• Impact of predictive marginals: Remove their impact by a reference model

• Cross-normalized Log Likelihoods (XLL)

• XLL depends only on the predictive correlations

• If the reference marginals approximate the ground truth well, then XLL reflects the 
quality of PPCs.

Cross-normalized Log Likelihoods (XLL) 
An efficient metric

The quality of XLL Approx Error of reference marginals



• Impact of predictive marginals: Remove their impact by a reference model

• Uncorrelated random batches: Select the top-correlated points using reference model

• The reference model: iterate the candidate models, and average the XLLs 

• XLLR: For each reference model, we compute the ranks for candidate models, and 
average the ranks under all reference models.

Cross-normalized Log Likelihoods (XLL) 
An efficient metric

Candidate Model

Reference Model

GP BNN Ensemble

GP BNN Ensemble



• XLL and XLLR are reliable proxy for  
metacorrelations and TAL performances.

Cross-normalized Log Likelihoods (XLL) 
An efficient metric
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• XLL and XLLR are  
robust of reference models.

Cross-normalized Log Likelihoods (XLL) 
An efficient metric
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X-axis represents reference models.



How Accurately can 

Bayesian Regression Models Estimate PPCs?



Transductive Active Learning

GP-NKN as the Prediction Model and the Selection Model
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Transductive Active Learning
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HMC as the Prediction Model GP-NKN as the Prediction Model



Transductive Active Learning

HMC as the Prediction Model GP-NKN as the Prediction Model
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XLLR



Thanks for attending !

Takeaway: Three Metrics to Benchmark Posterior Predictive Correlations
Code repository: https://github.com/ssydasheng/predictive-correlation-benchmark



XLL Results



TAL with various Prediction Models


